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Here is described a static axisymmetric solution with an additional 
£Sj , cylindrical symmetry for which the matter consists in a cosmological 

k*" ' and a dust term. 
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1 The field equations 

oo , 

Stationary gravitational fields are characterized by the existence of a timelike 
"q \ Killing vector field £. So, in a stationary space-time (M, g) we can have a 

global causal structure, i.e. we can introduce an adapted coordinate system 
(x a ) = (x a , t), £ = so that the metric g a b is independent of t, 

(1) ds 2 = /i a/3 dx a dx /3 + F(dt + A a dx a f, F = £ a «f < 0. 

>< 

The timelike unitary vector field h° = (— F) -5 ^ which is globally defined on 
M, indicates not only the time-orientation in every point p e M, but also 
gives a global time coordinate t on M. 

Stationarity (i.e. time translation symmetry) means that there exists 
a 1-dimensional group G\ of isometries <p t whose orbits are timelike curves 
parametrized by t. The smooth surjective submersion 

7r' : M > S%, P eM^n'{p) = <p t {p), <f) {p) = P, = 

over the 3-dimensional differentiable factor manifold £3, whose elements are 
the orbits of Gi determines a fibration on M; the metric g a b is constant on the 
fibres of tt' (integral curves of £) and there is a 1:1 correspondence between 
tensors T = (T b a '")on M satisfying 

CTt = t b Tt = and tj = 
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and the tensors on 1S3. So using the 3-projection formalisme (by Geroch(1971)) 
developed on S 3 (see 0), the Einstein's field equations 

(2) -Rab — -Rg a b + A<7ab = nT ab , 

will take the following simplified form for stationary fields: 

BF BF 1 

-OF 
4 a = 2F- 1 h ab —u b 
ox a 

Fe abc u c>b = lKh a h T h X 

Here, "||" denotes the covariant derivative associated with the conformal 
metric tensor h ab = —Fh ab on S3 {h ab = g ab + h^h® is the projection tensor), 
e abc = e dabc h O d and = I e »^£ 6 £ c;d ^ is the rotational vector (u a £ a = 

0, £^uj = 0). 

The circularity theorem (due to Kundt) states that an (axisymmetric) 
metric can be written |l| in the (2+2)-split if and only if the conditions 

(4) ('l^'T'), = = (&V b V C ' d] );e 

are satisfied []. 

The existence of the orthogonal 2-surfaces is possible for dust solutions, 
provided that the 4-velocity of dust satisfies the condition: 

(5) u [a & Vc] = 0, u a = (-h)-^(c + n v a ) = {-Hyh'n where 

r = (i,0), H = lij l i P, ~ U -Cl, r ij = 1,2, 6 = e;6 = ^ 

1. e., the trajectories of the dust lie on the transitivity surfaces of the group 
generated by the Killing vectors £, r\. Here Q is the angular velocity of the 
matter with respect to infinity. 

Using an adapted coordinate system, the metric (0) can be written in the 
following form: 

(6) ds 2 = e- 2U [e 2V (dr 2 + dz 2 ) + W 2 dip 2 } - e 2U (dt + Ad V ) 2 

^^Hcre I use the convention: round brackets denote symmetrization and square brackets 
antisymmetrization. 
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where the functions | U, V, W and A depend only on the coordinates (r, z); 
these coordinates are also conformal flat coordinates on the 2-surface S 2 
orthogonal to 2-surface T 2 of the commuting Killing vectors £ = d t and 
V = d v . 

If we identify the 4-velocity of the dust u a with timelike Killing vector 
£ a = dt = (0,0,0, 1) then (§) represents a co-moving system (x 1 



r, x 



ip, x 



(0, 0, 



,2C/ 



.4. 



.2[A 



and 



(7) 



21/ 



F, 



t) with dust, u a = £, 

#11 = 922 = e~ 2U+2V = h n = h 22 , 
g 33 = e- 2U W 2 -e 2V A 2 = h^ #00 = £0 

903 = £3 = -e 2f/ A, 5-13 = 5-23 = #10 = 920 = 

The energy-momentum tensor T ab has the form as: 

(8) nT ab = -Ag ab + fiu a u b , fi > 0, A = const. > 0. 

The conservation law, T a b b = implies U >a = and is a consequence of 
the field equations, being used in place of one of the equations (|3]). 
If Q = const., i.e., for rigid rotation we have 

(9) a = = 9 <^> U( a - b ) + U( a Ub) = 

and using the simplification U = in (^), then the matter current is geodesic 



Ua-bU 



0), without shear (a ab = «( a; b) + u^ a u b ) — \0h ab = 0) and 



without expansion (6 = u a a = 0); this implies that A 
the dust is without rotation, omega ab 
If we take A = 0, U = then 



= A ,. Moreover 



(10) 



9u 

933 
903 



922 

w 2 



U[a;b) + U[ a U b ] 

2V = hn = h» 



0. 



I'll — "22, 
^33 , 900 = £o = 
6 = = 013 = #23 = #10 



#20 



and the field equations (|3]) will have the following simplified form: 



ad 



d 2 W d 2 W 
2 V dr 2 dz 2 
(/i - 2A)e 2y = 

lsd 2 W d 2 W 



2V 



2 V Qr 2 
dW dV 



-AWe 



dW dV dW dV 



+ 



dz 2 
dW dV 



dr dz dz dr 



dr dr 
= 



dz dz 



d 2 V d 2 V 
+ 



dr 2 dz 2 



-Ae 



2V 



2 The function W is denned invariantly as W 2 



-^iaVb]t a V b 
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where W and V are functions of x 1 = r and x 2 = z. 

Finally, taking into account the third symmetry (£ = d z is the spacelike 
Killing vector field parallel with the rotation axis z) as a special case of the 
stationary axisymmetric (with £ and rj) solution (|TTJ) we will obtain: 



(12) 



ds 2 



3 2V(r) 



(dr 2 + dz 2 ) + W 2 (r)dcp 2 -dt 2 



where W(r) and V(r) will be determined from flTT|). 



2 The solution 

Because of the third symmetry W and V depend only on r and the field 
equations are reduced to: 



(13) 



W" = -2AWe 2V 
W" = 2WV 
V" + Ae 2V = 



where ^ =' and \x = 2 A = const.. 



The last equation in the ( |I~3"D system is a differential equation of second 
order which implies: 



(14) 



^7 - Ae 2y 



d^ + a 



where 7 and a are constants. 
Integrating in (13) we find: 



(15) 

Finally we obtain: 
(16) V(r) 



r = —In 

2A 



7 - Ae 2y - A 



7 - Ae 2V/ + A 



+ v 



ln( 7 -A 2 I . e nw „ ., ) )-lnVA 



2 — V " \ v l + e 2A(r-^) 

The first two equations in ( |I~3| ) reduce to 



(17) 

which becomes: 
(18) 



W 



J2V 



-A- 



1 _l e 2A(r-^) 

lnVF = A / ow r dr - i- 

1 _ e 2A(r-v) X 2 



D 2\(r-v) 



1 _|_ e 2A(r-^) 



dr 



Integrating both integrals we are lead to: 

I _ e 2A(r-^) 

(19) W(r) = e 



3 2A(r-,)(|-^) 



where 7, a, A and v are constants. 

The resulting solution is static cylindrically symmetric and conformally 
flat and the matter consists in a cosmological and dust term with \i = 2A = 
const, positive. 

Remark: Further asking the regularity condition on the axis of rotation 
to be satisfied, i.e.: 

(20) lim ^ r -"^ 



V A2 (iSS) 2 ~ 2 

we find out the regular Einstein's static universe (see ||) solution in cylin- 
drically coordinates (with n = 2 A = = const.). 
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